A schematic study of the ββ2ν-decay of 48 Ca is made in a shell-model approach. The emphasis is especially put on the role of the spin-orbit potential in relation with the contribution of other terms in the strong interaction. This is discussed with a particular attention to the behavior of these ones under the SU (4) symmetry. Different methods in calculating the transition amplitude are also looked at with the aim to determine their reliability and, eventually, why they don't work. Further aspects relative to the failure of the Operator Expansion Method to reproduce the results of more elaborate calculations are examined. *
I. INTRODUCTION
The importance of the double beta decay process is well recognized. First, the neutrinoless mode, yet unobserved, is of fundamental interest, as it will be a signal for neutrino mass and lepton number non-conservation. Second, the double beta decay with two-neutrino emission (ββ2ν), allowed in the standard model, is a very rare process which has not been experimentally observed until 1987, in the decay of 82 Se studied by Elliot et al. [1] . Subsequent results in other nuclei were obtained by other groups (see [2] for a recent review of the experimental situation). Recently Balysh et al. [3] have measured the double beta decay half-life of 48 Ca. This nucleus is the lightest one for which such a measurement is feasible.
On the theoretical side (see [4, 5] for a recent review) the ββ2ν-decay which, at the beginning, was a well defined process in the standard model, has revealed as a real challenge for nuclear model practitioners. There are two reasons to this situation. On the one hand, the decay mode is highly suppressed and sensitively depends on poorly determined parts of the nuclear interaction. On the other, it is a second order process, which implies a summation on intermediate, and not always well determined, states. Thus, even if it is not a process involving new fundamental physics, the ββ2ν-decay is related to a new type of nuclear matrix element. This one incorporates information on the wave functions that is not given by other standard observables.
The difficulties in the calculation of the ββ2ν-decay have been expressed in several different but related ways in the literature:
• In QRPA calculations, it has been related to the extreme sensitivity of the transition matrix element to the so-called g pp parameter, which governs the pn-excitations [6] [7] [8] .
• In the SU(4) language, it has been connected to poor determination of the nuclear force in the L = 0, S = 1, T = 0 (J = 1 + T = 0) channel [9, 8] . At the same time, it was also observed in this scheme that strong truncation of the model basis can produce undesirable contributions to the transition matrix element.
• It has been also connected to the bad description of the β + decays, which processes have been used to fit the unknown parts of the nuclear force [7] .
In order to avoid some of the previous uncertainties, an alternative approach has been proposed, the Operator Expansion Method (OEM) [10] [11] [12] .
In the present paper, we will focus our attention on the role of different parts of the nuclear force in the ββ2ν-decay as well as on different methods used in the literature to describe this process. For that purpose, the simplest nuclear transition to be studied is the ββ2ν-decay in 48 Ca, that offers a double advantage. There exist both a sensitive experimental value T [Stat] ± 1. 4 [Syst] × 10 19 y [3] and an elaborate shell model calculation [13] , which is the natural calculation scheme for this nucleus. While doing these studies, we will have in mind a long standing problem. Different calculations were approximately leading to the same decay rate whereas the intrinsic sign of the transition matrix element was not the same [14] , requiring some clarification. With this respect, we will in particular show how higher order effects in the SU(4) symmetry breaking interaction modify previous estimates. On the other hand, a critical study of the OEM approach has been done in [15] . Based on an analysis of the SU(4) symmetry breaking effects, other features of the OEM have been revealed, which deserve discussion. Our work is therefore concerned more with the role of various approximations than with a realistic calculation of the process. We will use an analytical force to achieve this objective. This allows us to easily compare various methods of calculation and to switch on and off the different parts of the interaction.
The plan of the paper is as follows. We remind in the second section expressions for the standard transition operator and that one obtained in the OEM approach. In section 3, we introduce in the OEM expression the Coulomb splitting effect and make a comparison of the corresponding result with the transition operator derived independently at the first order in the SU(4) symmetry breaking interaction. The effective NN interaction that we will use for our study is specified in section 4. The fifth section is devoted to a presentation of our results together with a discussion.
II. THE ββ2ν-DECAY: DESCRIPTION OF THE TRANSITION OPERATOR
The ββ2ν-decay is allowed in the Standard Model. In this process, two neutrons decay to two protons with the emission of two electrons and two neutrinos. The Lagrangian responsible for that process is the standard Fermi one. Under the usual assumptions (the impulse approximation is assumed, the lepton energies are replaced by their average values and non-conservation of isospin is discarded), we obtain that the life time is expressed by
where G 2ν , which can be found in [4, 16] , contains all the leptonic part and the integral on the phase space. The nuclear information is included in the nuclear matrix element
with A = σ i τ + i , the Gamow-Teller operator, and ∆ = 1 2
Methods for evaluating the ββ2ν-decays differ in the approximations made in order to calculate (2). What we will call the standard method consists to insert a complete set of intermediate states in the commutator (2) . This allows one to perform the time integral and we obtain
Theoretically this method is exact, but in practical calculations some limitation occurs.
Estimating the matrix element given by Eq. (3) [4, 5] , and see also [17] ).
As mentioned in the introduction, the above difficulties have been a source of concern.
An alternative approach to calculate directly the exponentials appearing in (2), the operator expansion method (OEM) [10] [11] [12] , has thus been proposed some years ago. This is impossible in a general manner and the main assumption made by the authors is to only retain twobody operators, which supposes that only the two nucleons involved in the transition are of special interest in the calculation. This is like a spectator approximation in the sense that all the nucleons not involved in the ββ transition don't contribute to the process. On the other hand, the interaction between the two active nucleons is included to all orders, neglecting some parts as we will explain later. A diagrammatic view of this approach is shown in Fig. 1a.
In the simplest approximation, the kinetic energy term, the spin-orbit and the tensor potentials are neglected in the Hamiltonian H appearing in (2) . Under these assumptions, only the central part of the potential contributes. Starting from its expression written as follows
the ββ2ν-transition amplitude in the OEM approach, first derived byŠimkovic et al. [10] and Ching et al. [11] , can be expressed as
with
where Ω 0,1 represents the projector operator on spin 0 and 1 subspaces.
The Gamow-Teller operator is a SU(4) generator. Then, from equation (2), we observe that M GT will be zero if the Hamiltonian were SU(4) invariant (we discard transitions between members of the same SU (4) multiplets). This result is not obvious from (3) 
III. OEM AND SU(4) APPROXIMATION
We can improve the OEM model, Eq. (6), by incorporating the contribution of the Coulomb interaction and then make a comparison of the expression so obtained with that one derived in the first order SU(4) symmetry breaking approximation.
The Coulomb interaction is an important ingredient of the spectroscopy of mediumheavy nuclei involving different charges as it provides a few MeV shifts, which compare to the energy splittings produced by the strong interaction itself. For our purpose, we added to this interaction, H s , a constant term proportional to the third component of the total isospin of the nucleus
The above Coulomb force can be easily included in the operator appearing in (5) . Using that T 3 , A = A, we obtain the modification of (6) into
From the definition of ∆ and (6), we have the relation, ∆ + ∆ c = 1 2
the strong interaction contribution to the energy of the state.
As we said before, the nuclear forces are not far from the SU(4) symmetry and, if that symmetry were exact, the double beta transition amplitude will be zero when it connects states belonging to different SU(4) multiplets. In order to look at the consistency of our results, it can be useful to study the first order correction of our expressions in the SU (4) breaking parts of the force. Let us write for that
where H 0 (H 1 ) represents the SU(4) symmetric (breaking) part of the force. The hamiltonian H 0 is a purely central force and has two terms in the spin-isospin space, one proportional to 1 and the other proportional to the Casimir of the SU(4) group, (
The Hamiltonian, H 1 , which is able to give a double beta transition at the first order in the SU(4) symmetry, involves two other combinations of the components appearing in the central force, Eq. (4),
Starting with (2) and we obtain
Calculating explicitly these commutators, we get
This result agrees with the Coulomb corrected OEM expression, Eq. (8), when this one is expanded up to the first order in the SU(4) symmetry breaking.
Surprisingly, a different result is obtained when we consider a nucleus with more than two valence nucleons. In view of its importance for a comparison with the above OEM result, Eq. (8), we give here some detail on its derivation.
Beyond the two valence nucleon case, [H 0 , H 1 ] doesn't vanish and from (2) it can be shown that, up to first order in H 1 ,
In order to perform the sum present in Eq. (14), let us define an operator B = H 1 , A , A and introduce an operator C solution of the equation
In terms of the C operator, (14) can be rewritten as
The solution of the equation
Performing this last integration and using the explicit expression of B, we obtain:
This equation can also be obtained from (3) . To do that, we must realize that up to first order in the H 1 Hamiltonian, the double beta decay implies a transition between different SU (4) 
and H 1 appears in the mixing in the final nucleus between the two SU(4) representations
where |0 + f > 0 is the pure SU (4) final state. When we introduce (20) in (19) , only states |0 + r > 0 belonging to the same SU(4) supermultiplet as |0
contribution and the energies of these states are E r = E i + 2∆ c . Then we obtain
This result is in agreement with Eq. (18) because the other terms present in the double
The main point here is that this expression has a sign opposite to (12) . This is due to the presence of many nucleons operators in the former expression, as we represent in Fig. 1b , while the latter one only contains two-body operators with the consequence to provide the wrong sign in the first order SU(4) symmetry breaking limit. In particular, contributions due to pure Pauli antisymmetrization, as those depicted in Fig. 1c , are not accounted for in the OEM.
More important, in the simplest case where the operator H 0 in Eq. (14) can be approximated by the sum of the single particle energies, the different commutators appearing in this expression can be calculated. Their contributions, which form a non-convergent geometrical series, are given, up to a factor, by the sum
where the first term in the parentheses is that one retained by the OEM. To get these contributions, we used the relation,
. Formally, the above sum can be performed with the result 
IV. THE EFFECTIVE NN POTENTIAL
As mentioned in the introduction, we are motivated in this paper by two different points.
First, we want to study the contributions of the different pieces of the nuclear force to the ββ2ν-decay. Second, we want to compare the two calculation methods presented in the previous section. We will focus on the double beta decay of 48 Ca because it is a nucleus which can be theoretically described in the nuclear shell model and we can do reliable calculations with both methods. To accomplish our objective, we use an analytical force which, therefore, could not be the best one but, as we will observe later on, the results are good enough to make it credible. In this way, we can easily connect and disconnect the different pieces of the force and calculate the matrix elements of the operators present in (6) . We have performed our calculations using the OXBASH code ( [18] ).
The shell model space is the full fp shell with the single particle energies ǫ f 7/2 = 0, ǫ p 3/2 = 2.1MeV, ǫ p 1/2 = 3.9MeV and ǫ f 5/2 = 6.5MeV . We have used for our calculations the Bertsch-Hamamoto force [19] . This force has a central part which in momentum space is given by:
with f = 0.97, m π the pion mass, m a = 2.5 fm −1 , m b = 4 fm −1 , and a tensor part (ii) we changed t 0 and t 1 in such a way that the tensor matrix elements between two particles in the fp shell coupled to T = 1 has been strongly reduced but without change in the matrix elements of particles coupled to T = 0. These parameters are also given in Table I as modified B-H. Due to their limited number, our force is not the most realistic one. Results presented here cannot therefore compete with other ones which rely on a better force. As it can be seen from the results we obtain, they are realistic enough however so that our schematic study makes sense and can provide sensitive information.
In Table II Higher energy states should be included in the comparison.
We looked at the distribution of the Gamow-Teller strength for these forces and compared it with a standard calculation performed with a modified Kuo-Brown interaction [20] . As it can be observed in Fig. 2 , there is no difference between the strength calculated with the B-H or the modified B-H interactions and that one using the potential of ref. [20] . The β + strength from the final state has also been looked at. It is shown in Fig. 3 for the same models as mentioned above. Its relevance has been mentioned several times in the literature and re-emphasized recently in ref. [22] . It represents an important constraint. We observe that for the B-H and modified B-H potentials the results are hardly distinguishable; for the modified K-B interaction more strength is concentrated in the low energy region. The essential point is that the β + strength is large where the Gamow-Teller strength is small and vice versa. Moreover, the contributions of the two regions could be opposite in sign, which is not observed in the strength, making difficult an accurate determination of the total matrix element.
We want to stress here two points. Our modification of the Bertsch-Hamamoto force has not a fundamental origin. In that sense, we cannot say that this modified force is better than the original one, but it gives a better description of the spectra for the states of the nuclei we are considering. On the other hand, the main motivation for using the Bertsch-Hamamoto force, or a modified one, is that its analytical structure allows one to make a simple analysis of the role of the different pieces while the total transition matrix element is compatible with all previous calculations, as it will be shown later. Table III ), but most effective nuclear potentials fitted to reproduce the spectra of nuclei give a pairing for (S = 0, T = 1) states stronger than for (S = 1, T = 0) states. Typically, the situation is characterized by nuclear matrix elements like those displayed in Table III , calculated for the B-H and the modified B-H potentials.
It has a direct relationship to the relative weight of the forces, v τ (r) and v σ (r), in Eq.
(4). The issue is an important one, which has a close relationship to the sensitivity to the so-called g pp parameter appearing in other approaches. As there, one has to hope that the fit of the effective nuclear potential model to a few relevant experimental informations will allow one to minimize uncertainties. In ref. [23] , Poves et al. considered the same problem in terms of two factors, λ 01 and λ 10 , multiplying respectively the strengths of the forces in the singlet and triplet spin channels. Starting from a force that was already good, the variation for these factors is actually smaller than what is suggested by the comparison of our matrix elements given in Table III for the B. H. and the modified B. H. forces. In ref.
[24], one can find a recent study on the (pn) pairing and the relevance of the point here underlined in heavy nuclei, which are studied in the QRPA approach. This is also discussed in ref. [25] . An argument is sometimes advocated for the change of the relative strength of the forces in the singlet and triplet spin channels when going from infinite nuclear matter to finite nuclei. It relies on the effect of the spin-orbit force. The force in the singlet spin channel is coupling preferentially particles with the same quantum numbers, (j, l), whereas the force in the triplet spin channel rather couples spin-orbit partners, the effective force is favored by the absence of spin-orbit splitting in the first case while it is disfavored by its presence in the other.
The role of the spin-orbit interaction has not received much attention in the field, probably because it is known and is not considered as a free parameter. In an approach based on the SU(4) symmetry like that one referred to here, it has some relevance since it is a piece of the interaction that breaks the symmetry. Its importance can be seen by looking at the dependence of M are positive. The low energy range one has the same origin as above, whereas that one in the Gamow-Teller resonance region has the opposite sign. This is due to the change in the relative strengths of the forces in the singlet and triplet spin channels evidenced by these models (Table III) Table III .
Looking at the dependence of M SU (4) GT on γ, we observe that its value is relatively stable. (11) by a factor κ and study the limit of κ going to zero.
Beside the role of the spin-orbit potential, whose importance has been discussed above,
we also considered the contribution of the tensor potential. We found that this one does not change the ββ2ν-transition amplitude in a significant way. Only a slight decrease was observed. This can be seen as due to an effective decrease of the spin-orbit interaction which is in fact observed around 48 Ca and has been attributed to the tensor force in the past [29] .
Our full results so obtained are:
for the modified B-H potential and
for the B-H potential.
Previous results for the amplitude calculated in the standard way are summarized in Table IV . They can be compared to the experimental value M GT = 0.074
given in the Table. As it can be seen, our results are between a factor 2 too high for the modified B-H potential and a factor 2 too small for the original B-H potential. In view of the simplicity of the force used in present investigations, which has allowed us to study the role of its different pieces, results can be considered as reasonable. Summarizing the main features, it can be noticed that the amplitudes, M with the real problems underlying the calculation of the M GT amplitude.
VI. CONCLUSIONS
We considered the ββ2ν-decay process in the nucleus of 48 Ca with the aim to analyze different methods used in estimating the corresponding transition amplitude or to study the role of different components in the nuclear interaction. In this sense, 48 Ca is used as a theoretical laboratory for testing various approaches. In all cases, we have performed our calculations in the full f − p shell. In order to discuss the different terms of the potential, we used the B-H potential, which is analytical, and adapted it to our nuclei giving rise to what we called modified B-H potential. Our conclusions do not depend on particular aspects of one or the other potential.
First, we confirmed the strong sensitivity of the ββ2ν amplitude to the relative strength of the potentials in channels (S = 1, T = 0) and (S = 0, T = 1) . This is well a known result and its importance has been emphasized in the QRPA calculations (in a different language, this was firstly pointed out by [6] as well as [8] ). But our main conclusion is that the central force alone, due to this cancellation, does not provide the leading contribution to be considered in the calculation of the ββ2ν-transition amplitude.
From our results, the single particle spin-orbit force appears to be the main ingredient in determining the actual value of the amplitude. Nevertheless, this term of the potential alone is not sufficient as the total amplitude then vanishes. Any sensitive estimate of the amplitude requires the interference between this spin-orbit term and the two-body parts of the strong potential. In this interference, operators involving three, or even more, nucleons could appear.
Concerning the tensor potential, we did not find it was relevant for the ββ2ν-decay amplitude.
The results obtained in the OEM approximation are far from the exact calculation. The OEM is not an approach under control, as already mentioned in the literature. Sizeable corrections come from three or more body operators but the non-convergent character of the expansion don't let much hope that the corrections are manageable. We have put in evidence that the OEM has a wrong SU(4) limit and this difference is also originated from the many body operators. Moreover, we observed that the Coulomb potential cannot be neglected at all in this scheme.
For the future, one can imagine to improve the approach based on the SU(4) symmetry.
It is not clear however whether accounting for the spin-orbit splitting is feasible while keeping a rather simple form for the expression of the transition amplitude. 
